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1 Introduction

In 2019 there were 36,500 traffic fatalities in the United States, and vehicle crashes cost
the economy $340 billion [1]. In recent years, the number of traffic fatalities has been
increasing, with almost 43,000 in 2021 [2]. Research in self-driving car technology offers
a way to reduce the human and financial cost of crashes, as well as lower road congestion
and ease the burden of drivers [3]. Toward this end, model predictive control has become
a popular tool for enabling autonomous navigation. Model predictive control is well-
suited to the self-driving car problem due to a number of factors, including ability to
handle obstacle constraints and nonlinear vehicle models. The Society of Automotive
Engineers (SAE) defined a classification system for the level of autonomy in a given
vehicle, with level 0 indicating no driving automation and level 5 indicating that human
intervention is never required [4]. In this report, we focus on control design, existing
research, and examples for SAE level 4 autonomous vehicles using model predictive
control, meaning driving without any human input in commonly occuring situations.

2 Overview

Model predictive control (MPC) is a general control methodology which has seen signif-
icant academic and industrial attention in the last 50 years. MPC aims to find control
inputs which will drive a system toward a predefined reference state, given some con-
straints and a cost function which are functions of the control inputs and process state.
To do so, the controller uses a model of the system. At each control step, the con-
troller minimizes the cost with respect to a sequence of future inputs; via the model,
the controller predicts how the future inputs will affect the cost function. The first
control in the resulting sequence is physically applied to the process until the next
control step, whereupon the optimization is repeated in a receding horizon fashion [5].
Accordingly, the defining characteristics of MPC are: the control law depending on pre-
dicted behavior; the outputs predictions are computed by a process model; the input
is determined by optimising some measure of performance; and the receding horizon
[6]. Significant benefits of model predictive control include conceptual simplicity, the
ability to explicitly incorporate constraints in an “intellligent” fashion, easy extension



to the multivariable case, and ability to handle problems lacking a control law that can
be computed off-line [5-7].

MPC has become popular in self-driving research as a way to provide online trajec-
tory generation and tracking. Trajectory generation is the problem of finding a sequence
of vehicle states which satisfy the car’s kinematic and dynamic constraints as well as
taking into consideration comfort and safety of passengers. A common application is
replanning a reference trajectory in order to avoid a pop-up obstacle, as demonstrated
in [8-10]. The open-loop trajectory generated by a controller with a cost function or
constraints taking into account the obstacle and vehicle dynamics can be used to ac-
complish this sort of replanning. Trajectory tracking is the problem of computing from
a sequence of states actuator (steering, throttle, brake) commands which result in the
vehicle following the proposed trajectory in the closed-loop [11]. MPC is well-suited for
both due to its ability to handle multiple inputs and outputs, consider time-dependent
constraints like pop-up obstacles, use a nonlinear vehicle model, and track a potentially
unfeasible reference trajectory [12].
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Figure 1: MPC Flowchart [5]

2.1 Examples

One approach for control designs addressing both problems is the use of a hierarchi-
cal architecture in which a top-level algorithm replans a reference trajectory to avoid
obstacles, then sends the trajectory to a low-level algorithm which computes actuator
commands to track the replanned trajectory. The top-level controller uses a lower-
fidelity vehicle model to ease computational demands, whereas the low-level controller
uses a higher-fidelity model to accurately track the reference. The high-level controller
is sampled at a lower rate than the low-level. Also, the two may have different pre-
diction and control horizons. For example, [8] compared a one-level controller using a



four-wheel vehicle model to a hierarchical controller using a point-mass model at the
high (trajectory generation) level and a four-wheel vehicle model at the low (trajectory
tracking) level. In a double lane change and obstacle avoidance manuveur on an icy
road, the hierarchical controller could drive 15kph faster and took 39% less computation
time.

A number of MPC designs for specific self-driving applications exist in the litera-
ture which assume a deterministic, observable environment [8-10, 13-17]. Naturally,
such conditions do not hold for general driving. As Carvalho et. al. note, “driving re-
quires forecasts, and forecasts can be highly uncertain in some driving scenarios.” Such
uncertainty can arise from measurement errors, friction coefficient estimation, driver
behaviour and model mismatch [18].

One approach to handling uncertainty is robust MPC, which takes into account
system disturbances to guarantee the control algorithm does not violate constraints.
RMPC has been implemented in driving scenarios using a so-called tube-based approach
which depends on offline computation of reachable vehicle states to perform constraint
tightening. The offline computation is enabled by assuming deterministic, bounded
uncertainties. The tube-based approach in [19] designed a robust controller based on a
force-input nonlinear bicycle model by estimating the bounds of possible disturbances
using experimental data. The controller was implemented in a full-size car to avoid
obstacles on an icy road. It achieved collision-free path tracking up to 80kph with
computational demands similar to standard MPC.
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Figure 2: RMPC via a ‘tube’ [19]

A robust approach, however, can result in overly conservative behavior in common
driving situations. Stochastic MPC reduces conservatism by allowing a small probability
the constraints are violated, resulting in so-called chance constraints. This results in
more natural, human-like manuevering. Furthermore, the driving aggressiveness is a
tunable parameter. Instead of deterministic uncertainty like RMPC, the uncertainty is
typically modelled with zero-mean Gaussian noise. In contrast to the development of



nonlinear MPC methods for self-driving applications [10, 17, 20], general SMPC research
has mostly focused on linear systems [21]. In [22], a linear time varying vehicle model
is used with chance constraints to implement SMPC for navigating in the presence of
other (unpredictable) vehicles. An Interacting Multiple Model Kalman Filter is used to
estimate the positions of the other vehicles. The authors experimentally examine the
effect of changing the risk parameter, i.e. the chance of constraint violation, in urban
driving, and concluded altering the parameter had a significant effect on the vehicle’s
navigational characteristics in urban environments.

3 Problem Formulation

The MPC problem described above is commonly formulated as the following constrained
finite-time optimization problem.

argénin Cost(-; T, T¢) (la)
subj. to

Tp1 = [, uk) k=0,...,H,—1 (1b)

u €U k=0,... H,—1 (c)

Tp € X k=0,... H,—1 (1d)

Uk = UH,—1 k=H...,H,—1 (le)

Ty = Zo (1f)

The vectors x € X C R" and u € U C R™ are the state and input vectors. Like-
wise, the sequences X = {x¢,...,xq,-1} and U = {ug,...,up,—1} are the generated
sequences of state and input vectors.

Two time horizons are considered. The prediction horizon H. is the length of time
over which the response of the model to the inputs will be forecasted. The control
horizon H. is the length of time for which the controlled variables will be optimized.
Naturally, H. < Hp. The relation of the control and prediction horizons to the rest of
the MPC process is shown in Figure 3.

The constraint (1b) represents using the system model to forecast future states.
Constraints (1c) and (1d) enforce limitations on the input and process states, while
(le) represents that all controls after the control horizon are held constant at the value
of the last control within the control horizon. Constraint (1f) initializes the system
model to the the actual value of the system z, which may have to be estimated.

The first control of the solution U = {uo, ..., um,-1} to (1a) is applied to the system
for the next control period. The sampling rate of the control is typically assumed to be
constant, but need not be in practice.
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Figure 3: The MPC idea [23]

Note we assume the problem starts from the zero time for notational simplicity. At
each control instance, the problem is repeated (with the same control and prediction
horizons), so in general each problem starts from an offset.

Practically speaking, solving the optimization problem can be achieved with one of
a number of freely available optimiization libraries. In particular, Ipopt is a library for
nonlinear optimization with interfaces to general-purpose programming languages [24].
The MATLAB function fmincon is a powerful optimization tool and is called under the
hood of MATLAB’s high-level MPC abstractions [25, 26]. The author also found useful
the CVXPY modeling language for convex optimization problems [27, 28].

3.1 Model

If the process model f(xy,uy) is linear, the technique is known as linear model predictive
control. The most common linear models are state space, transfer functions, impulse
response, and step response models [6]. Of these, the state space model

Trr1 = Axy + Bug
yr = Cxp + Duy,

is especially popular, in particular because of easily handling multiple-input multiple-
output processes.

Of course, many actual processess — including vehicle dynamics — are nonlinear.
While linearization may be feasible if the process tends to operate around a set point,
for processes with extreme nonlinearities or particular startup /shutdown modes, we may
wish to treat them as nonlinear explicitly instead of inducing more model mismatch via



linearization. In this case, we use the general process model

T1 = [t ue)
Trog — i’o
as in equation (1). The trade-off for more accurate process representation is more
difficult system identification, increased computational complexity of the optimization
problem, and the lack of nonlinear stability and robustness results [5].

3.2 Cost function

The cost function is usually implemented as a sum over “stage costs”, where each stage
is a point in the prediction horizon:

Hp—1 He—1
f
Cost( Ty, Te) = Y llow — a5 + Y (luell + | Augl]?)
k=0 k=0

where the control increment is
Augp =up —up_1 Vk=0,...,H.—1; u_q = u(—ts)

which is initialized by taking the control input from the previous solution of the opti-
mization problem u(—tg), i.e. ts is the sampling time.

The norm ||-||% is the Euclidean norm weighted by the symmetric positive semidef-
inite matrix A. Accordingly, the matrices Q € R"*™ and R, S € R™*™ are the track-
ing, input, and input increment costs, respectively. The input increment cost may be
dropped depending on the application, i.e. set S = 0.

An immediate concern is how to select the parameters of the cost function, since
they will apparently have a significant impact on the performance of the closed-loop
control. The selection of the prediction and control horizons and the weight matrices are
distinct, but related, questions. In principle, best performance is given when control and
prediction horizons are infinite, i.e. T, = T}, = oo [23]. In reality, we have to solve the
control problem in a reasonable time, which requires truncating the horizons. Reasoning
from the ideal case, we should set the horizons as long as possible while maintaining
acceptable real-time performance. A small value of the control horizon does not give
the controlller enough degrees of freedom to incorporate information about the future
trajectory, so H. > 3 works well in practice. Furthermore, to take into account transient
behavior of the process, the H, — H, should be larger than the process settling time.

Adjustment of the weight matrices is a mostly ad-hoc process process. One should
note that for a smaller control horizon, the same R, S matrices will have less effect on
the cost than for a larger control horizon. Examples of how the prediction and control
horizons and objective weights affect a SISO plant are given in chapter five of [6].



4 Autonomous Navigation

The adaption of model predictive control to autonomous navigation is quite natural;
in fact, driving is a common analogy for explaining the principle ideas of MPC [6,
29]. Depending on the particular model, we derive state and input vectors representing
physical attributes of the vehicle. Then we can use the MPC formulation outlined
above, with some previously planned path serving as the nominal trajectory, to enable
trajectory replanning and following.

4.1 Optimization Problem

The control problem for an autonomous vehicle without obstacle avoidance can be
represented as the optimization problem

Hy,—1 H.—1
argmin Y & — GG + D (lurllf + [ Augl|?) (2a)

U k=0 k=0

subj. to

k1 = [ &k, ur), k=0,....,H,—1 (2b)
Umin < Uk < Umax kZO,...,HC—l (20)
€min§§k§§max kZO,...,HC—l (Qd)
U = UH.—1, kZHC,...,Hp—l (26)
g0 = o (2f)
Auk:uk—uk,l, kZO,...,HC—l <2g)
u_1 = u(—ts) (2h)

where £, = have been substituted for the x, X in Section 3 to represent the system state
to distinguish it from the vehicle’s longitudinal position in the body frame. The state
and inputs have box constraints due to the physical nature of the vehicle.

4.2 Car Models

We present two systems commonly used to model the vehicle in self-driving applications.
Figure 4 describes notation used in both. We consider bicycle models, which lump
together left and right front tires and left and right back tires into (imaginary) single
front and rear tires.
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Figure 4: Bicycle model [12]

While the notion of a bicycle model may seems reductive, bicycle models are pop-
ular in control design [8, 19, 22| for their balance between an accurate representation
and computational simplicity. Kong et. al. examined the effectiveness of the kinematic
and dynamic models by comparing the models’ open loop predictions to measurements
obtained from a real car driven by an experienced driver [12]. They concluded the
kinematic bicycle model provided satisfactory control performance in a range of experi-

ments, and held several advantages over the dynamic model. Nevertheless, both models
have their place in control design.

4.2.1 Kinematic Bicycle Model

The kinematic bicycle model assumes the vehicle movement is a function of its geometry.

X =wvcos(y + B)

Y = wvsin(y + B)
= lgsinﬁ

V=a

l
ol r
8 = tan <lf+lr tan5>

The model locates the vehicle in the global coordinates X,Y with yaw 1 radians
counterclockwise from the X axis. The velocity is a direct function of the acceleration
a. The slip angle 3 is obtained directly from geometric calculations. Note from Figure
4 that I, and [y represent the distance from the center of gravity to the rear and front

wheelbase, respectively. The vehicle state vector is & = [X,Y, 4, v, 8]T and the input
vector is u = [a, §]T.




4.2.2 Dynamic Bicycle Model

The dynamic bicycle model incorporates the vehicle’s interaction with the road via the
lateral forces on the front and rear tires F, y and F,,, respectively.

F=1y+a
. 2
= —i + p. (Fepcosd+ Fep)

)
w = T (lch,f - lch,r)
X = dcost) — gsing

Y =2siny 4+ ycosy

The dynamic bicycle model captures the longitudinal and lateral accelerations in the
vehicle frame & and §j respectively, as well the the angular acceleration 1.
To calculate the tire forces, standard control designs use the linear tire model

Fc,i = _Caiai

where i € {f,r}, a; is the tire slip angle and C,, is the tire cornering stiffness. Most
vehicle manuevers falls into the range of linear tire forces [8]. However, there are a
number of tire models exist which capture the nonlinearities with various complexity,
such as the uni-tire, magic formula, LuGre, and Fiala [18, 30]. The tradeoff for better
tire representation in extreme maneuvers is more difficult parameter estimation.

4.3 Obstacle Avoidance

Naturally, we want to be able to replan in the presence of obstacles in the trajectory,
whether those represent other cars or static things like debris in the road. We focus
on two means of enabling obstacle avoidance. The first uses constraints to guarantee
the trajectory can not pass over the obstacle. The second uses an additional term in
the cost function to represent distance from the obstacle, thereby repelling the vehicle
away from it. We introduce the idea in this section and examine their implementation
in Section 5.

By adding a constraint on the position of the vehicle with respect to the obstacle,
we can eliminate from contention those paths which would cause a collision.

dist(car, obstacle) + safetyMargin > 0

Since establishing the length of the shortest line between the car and the obstacle
is an optimization problem in itself, finding dist(car, obstacle) is hard in general. In
[31], a method for reformulating general collision avoidance constraints into smooth,
differentiable contraints to improve optimization efficiency is given.



Accordingly, we seek a more computationally efficient method for obstacle avoidance.
In [8], the obstacle distance cost Costops ¢ for time ¢ is added to the cost function

K- (%7
dist(car, obstacle) + €

Costops,t =
where K is a weighting term, v; is the predicted velocity at time ¢, and e a small value
to avoid singularity.

5 Experiments

We implemented the control design presented in Section 4 in order to test performance
in different driving situations. Two reference trajectories were used. The first, refl, is
the sinusoidal trajectory

2
Yref(X) = dsin | - X
100

Pr(X) = tan~! <<18(;;> cos (f&X))

The second, ref2, is the double lane change maneuver

dy1 dyo
yref(x) = ; UL (1 4 tanh(z)) — % 1 + tanh(zy))
1 2712
ref -1
X)=t s i
PHIX) = tan ( (cosh (21) ) < > v2 <cosh(22)2> <d$2>>
defined in [8], where z; = 22(X — 27.19) — 1.2, 2y = 554 (X — 56.46) — 1.2, dy = 25,
dpo = 21.95, dy = 4.05, dyp = 5.7.
(a) refl (b) ref2

Figure 5: Reference trajectories
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We implemented the input constraints
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to reflect the physical limitations of a real car.
The initial state was & = [0, 0, 5, 0], or an initial velocity of 5 m/s. Without the pres-

ence of obstacles, the closed loop result almost exactly matches the reference trajectory
(Hy=5,H, =2).
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Figure 6: refl closed-loop performance at v*f = 5.

Note the small scale in Figure 7b, which shows the lateral trajectory almost exactly
matched the reference. The same can be seen for ref2.
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Figure 7: ref2 closed-loop performance at v*f = 5.
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Now we turn our attention to the obstacle avoidance techniques introduced in Section
4.3. We define an obstacle as a rectangle along refl. The vehicle must maneuver to avoid
the obstacle to prevent a collision. We first examine the contraint-based technique in
open-loop planning, in order to easily observe the properties of the generated trajectory.
We restrict the number of the iterations the solver can take in order to reflect the
potential real-time constraint when driving.
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Figure 8: Reference and generated paths using contraint avoidance

As the iterations increase, the paths become progressively smoother and converge
with respect to the reference trajectory. However, the fact that every iteration has to
calculate the distance to the obstacle at each control instance over the prediction horizon
results in a significant computational cost which increases linearly with the number of
iterations (Figure 10b).

On the other hand, the cost-based avoidance method is much less computationally
demanding (Figure 10a). We implemented the approach described in [8] with K = 0.5,
€ = 0.01 on refl with the same obstacle as before.

In contrast the constraint approach, as shown in the example restricted to five
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iterations, there is no guarantee the controller will not plan a trajectory arbitrarily
close to the obstacle. Furthermore, the obstacle cost term K must be determined on
an ad-hoc basis and different values could give better or worse results depending on the
exact scenario.
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Figure 9: Reference and generated paths using cost-based avoidance

Note the scales in Figure 10 differ by an order of magnitude. Since real-time im-
plementation is a central concern for MPC schemes, the computational benefit of a
cost-term approach may be desirable, but depending on the application, the greater
predictability of constraints could be necessary.

13



Cost-Weighted Obstacle Avoidance: Iterations vs Time (s) Obstacle-Constrained Optimization: Iterations vs. Time (s)

(a) Cost-weighted avoidance (b) Constraint avoidance

Figure 10: Computational cost of NMPC obstacle-avoidance schemes.

6 Conclusion

Model predictive control has been applied to many industrial processes with tremendous
success. Its natural adaptation to autonomous navigation has resulted in many viable
control designs, especially for linear vehicle models. The main challenge in MPC for
autonomous vehicles has been the computational challenges associated with maintaining
a high sampling rate while using a model detailed enough to capture nonlinearities.
While advances in computing power have made such a trade-off feasible, mathematical
advances in formulating the control problem continue to play their part. Much research
now is focused on the concepts of robust and stochastic model predictive control, which
is required to deal with the inherent environmental uncertainties encountered when
driving. Possible extensions to the work described in this report include taking into
account model parameter uncertainties or estimating model parameters online.

As noted in the introduction, the ultimate goal of researching autonomous navigation
MPC schemes is to enable their implementation in consumer vehicles. To this end, the
author believes a more general framework for choosing the vehicle’s actions is required
to supervise any MPC implementations in the vehicle. To this end, future work on
autonomous navigation should focus on general artificial intelligence for decision-making
under uncertainty.
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